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Optimization
Objective: Minimization of Cost function Jg

Usual/simple algorithm: Gradient descent

Therefore, we need to compute the Cost, but also the Gradients (partial
derivatives respective to each 0 (weight)) in order to guide gradient descent

As this Cost function is convex, there is a global minimum (and no local
minima)

Jolh)

global minimum




Optimization and Gradient

We compute the gradient of the loss function with respect to the
parameters o the network (in this case, perceptron)

Let’s recall the definition of the gradient
Given a function r . RV —, R from a real-valued vector to a scalar

f x = [21,20,...,2,) @A y = f(x), the gradient of , with respect to ;. is
givern vy.

dy 0Oy dy ]

Vxy = | = - ey ——
' Oxy, Oxs’ ' Oz,



Optimization and Gradient

We could let the function f be the loss function, e.g., the squared-error
loss, which we denote by [, . This loss is a scalar-valued function of the
output y :

Tt

PR A~y
Ly) =y = 3II° = > _ (i — i)’

=1

The gradient of ; with respect to yis then:

VyL=[2(y1 —%), (y2 —92)s-- -, 2(Yn — Tn)| = 2(y — ¥)



Gradient Descent Training Algorithm

Initialize each parameter 6, and bias b to a random or some heuristic value

Compute the values of the model h for all examples
Compute the cost Jy(h)

Compute also the Gradients (partial derivatives respective to each 6,
(weight)) in order to guide gradient descent

Update simultaneously all parameters 6. according to the update rule

Iterate until the error between successive iterations change by only a tiny
amount (i.e., we have reached a local minimum), or after a fixed number
of iterations



Learning rate and Stochastic Gradient Descent (SGD)

Update RUIG 90 = 90 = r] aJ(eO, 91)/890
8, := 8, - n 8J(8, 6,)/08,

n : Learning rate — It is important to pick the learning rate carefully

A b,

Jo(h) Jo(h) n too large

global minimum global minimum

\4

Compute Cost and Gradients

Gradient Descent (SGD): for ALL examples
Stochastic Gradient Descent (SGD): for ONE example (randomly
chosen)

MiniBatch: for a

Batch (subset) randomly chosen 7



Learning rate and Stochastic Gradient Descent (SGD)

Some considerations regarding Gradient Descent

« Too small a value of n — might take very large number of iterations to
converge

« Too large a value of n — might cause large oscillations in the parameter
values and never lead to converge

« Picking the right value — matter of trial and error

. Itis also common to vary the learning rate :
» Start with an initial learning rate n

At each iteration, multiply by a factor 3, 0 < 8 < 1 until the learning rate
reaches a sufficiently low value



Scaling and Mean Normalization

« To improve learning convergence (faster), better to have features (x4, x,...)

on a similar scale

T

scaled and normalized

v

0, ™ J(0)
05x, 51
0<y. <1 or
o2 4 J(6)
> > A
 Feature Scaling
X := X — min(x) / range(x) -> Range of 1 —
(Could also apply)
« Mean Normalization
X ;= X — mean(x) / range(x) -> Cen*ened

v

g |

Ll

v

v



Best Hypothesis

Objective: Find out "best" hypothesis (values of 6,and 0,)

Best hypothesis means best fit to data
And not just best fit only to Train data
Otherwise the best strategy would be to exactly memorize every entry

Best hypothesis means best fit for future/yet unknown data: Test data
i.e., with good capacity for Generalization

10



Best Hypothesis

« Regularization: technique for reducing overfitness
— Weights decay, to penalize over-preponderant weights
— Also: Dropout, Early stopping, Dataset augmentation

y N N\ .
o L o
] ——
® o
@
; X ) _ X
Underfit Good fit Overfit
(High Bias) Objective

11



Multiple Linear Regression — More than 1 Variable

Input Dataset : X :

Output Dataset : vy :

h(x) = 8,5+ 0,x; + 8,X, + 055

)(1(1) X1(2)
x2(1) X2(2)
)(3(1) X3(2)
y(1) y(@)

12



Multiple Linear Regression Vectorization

h(x) = By + B,x; + B,%; + 05X,

+1
& = "2 6;X,  (withx,=1)
X4 Oe\ 1
zQy = [60 64 6, 8;] ~ *
2 (O, X2
X3
X3 0,
scalar(1x1) = vector(1x4) « vector(4x1)
= 0*x
Computing predictions for a set of examples X :
1 ... 1
* Y — X, ... x,m
07X =180:0, = 1) imy| = [ ... h(™]
93] 2 2
X3 L xg(M)

vector(#x4) « matrix(4xm) = vector(1xm)
13



Multiple Logistic Regression (Classification)

h(x) € {0, 1}
+1
6,
X1 0,
> (— sigmoid ) y h(x) = sigmoid(8, + 8,X; + 8,X, + B5X,)
& 5, = sigmoid(6 * x)
X3 0,
y
/]
X | sigmoid(z) =o(z)=1/1+e%
&3 0.5

x

] 832323 —_— S
o0 O O ’ /
O O

N
7

X1

Perceptron [Rosenblatt 1957] used unit step function

Vv

Current Neural Networks use Softmax (transforms into probabilities) 0
14



Sigmoid

False

0.5

True

15
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Sigmoid — Where does it come from? [Rosaen, 2016]

Odds ratio=P/(1-P)
Log Odds ratio = Log(P / (1 - P))

(Log Odds ratio)! = ??
y =log(x/ 1 -x)

X =log(y /1 -y)
ex=y/1-y
y=(1-y)e
y=e—-ye
ytye:=e*
y(1+eX)=¢e
y=¢e*/(1+¢eX)
y=1/(1/ex+ 1)
y=¢e*/(1+¢eX)
sigmoid(x) = o(x) = eX/ (1 + €%

odds(x)

~ 05k..... . .
=5 ‘_J
0.0 |-
o -4 o
rd

Odds

Log Odds

Sigmoid

16
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Classifier Evaluation Metrics

+ True Positive
(Hit)

False Negative

False Positive
(False Alarm)

True Negative

Table of Confusion
(Confusion Matrix)

Accuracy = TP + 11/ V¥

% correctly classified




Classifier Evaluation Metrics

n + - Accuracy = TP + 11/ ¥
y % correctly classified
=+ || True Positive [[False Negative /
(Hit) |
Precision= TP /P (TP + 1)
true / classified positive
How useful the results
False Positive|| True Negative /
(False Alarm)
! Recall=TP /P (TP +
Table of Confusion true / real positive
(Confusion Matrix) How complete the results

/HE.




Skewed Classes

n O 1 OO Accuracy = TP + /¥ =0.98
% correctly classified

0 2 /

<

2 True Positive |False Negative /
(Hit) |

0 98

False Positive|| True Negative
(False Alarm)

Table of Confusion
(Confusion Matrix)

Optimist Hypothese: Always (100%) False 19



Skewed Classes

o 100

<

0 2

2 True Positive |fFalse Negative
(Hit)

0 98

False Positive|| True Negative
(False Alarm)

Table of Confusion
(Confusion Matrix)
Ex: Maligne Cancer Prediction:

Optimist Hypothese: Always (100%) False

Accuracy = TP +
% correctly classified

/¥ =0.98

/

Precision=TP /P (TP + )

true / classified positive
How useful the results

=0

/8

Recall=TP /P (TP + =0

true / real positive
How complete th

|:l7
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Skewed Classes

0 100

<

1 1

2 True Positive ||[False Negative
(Hit)

2 96

False Positive|| True Negative
(False Alarm)

Table of Confusion
(Confusion Matrix)
Ex: Maligne Cancer Prediction:

#1 Test

Accuracy = [P +

% correctly classified

Precision= TP /P (TP +

/¥ =0.97

/

true / classified positive

How useful the results

)=

Recall=TP /P (TP +

true / real positive

flow complete th

4

=0.5

|:l7

21



Skewed Classes

O 1 OO Accuracy = TP + /| ¥ =0.98
y % correctly classified

1 0 //
1 True Positive |[False Negative

(Hit) |

Precision=TP /P (TP +)=C
true / classified positive

2 9 7 How useful the results
False Positive|| True Negative /
(False Alarm)
Table of Confusion Recall = TP / P (TP + =1
(Confusion Matrix) true / real positive

#2 Test

Ex: Maligne Cancer Prediction: flow complete th |ll7

22




‘ Multilabel /Multiclass Confusion Matrix

y B

100 Precision(label X)
= True Positive(X) / Total Predicte

Ex: Precision(A)
= True Positive(A) /
= 30/60=0.5

Total B
100

Total c Recall(label X) N
100 = True Positive(X) / Total Label(X

Ex: Recall(A)
= True Positive(A) / Total Label(A
= 30/100=0.3

Total Predicted B

120
23



Multivariate Multiple Logistic Regression (Classification)

2 h(x) = sigmoid(0 * x)

sigmoid \Q Vv,

2
2 —{sigmoid—(") v,
> > | —sigmoid—( ) v,

X1(1) x1(2) x1(m)
X )(2(1 ) x2(2) Xz(m)
)(3(1 ) x3(2) X3(m)
y{ ]y @ y4(™
y Yot |y, y,™
yal |y, y5™

Current Neural Networks use Softmax

24



Multivariate Multiple Classification Vectorization

i 1 |1
h,(x) O10F 0141X1 + 045X, + 84 3X3 010 01104, 643 x
h(x) = | hy(X) | = |B20% 01X +0,%+0y3X5| = 0%Xx =054 6,4 0,, 055 * x1
h;(x) 501 03 1Xs + 03X, + 8353 O30 631 63, 053 Xi
vector(3x1) = matrix(3x4) « vector(4x1)
Computing predictions for a set of examples X :
] T - ] I X PANPX SN QAN
1 /... 1
010 61,1612 643 XD x M h,) ... Thym
e * X . 620 621 622 623 * X (1) X (m) . h2(1) hz(m) [C/aSS(1) ClaSS(m)]
’ ’ ’ ’ 2 - 2
_93,0 631 03, e3,3_ X3 L xgM) _h3(1) hs(m)_
matrix(3x4) * matrix(4xm) = matrix(3xm) vector(1xm)

25



Compute graph for a single-layer dense network

A compute graph captures the data flow of a deep network
o In fact, it is a Directed Acyclich Graph (DAG)

Each node has an operand and, optionally, an operator
Operand can be a scalar, a vector, or a matrix

Operator is a linear algebra operator (such + or x), an activation function
(such as o) or a loss function (such as MSE)

Next, | show the compute graph for a single-layer dense network described
by y = o(Wx+ b), where x is the input and y is the output.
« MSE loss computed against the training-set output y

26



Compute graph for a single-layer dense network

u=Wx
v=u+b
y =o(v)
L = MSE(y,y)
X
>< N - .

=

o <+
e

<> —l-—t'-ggn

[T




Modern Neural Network

h(x) = sigmoid(8 * x)

sigmoid
gmoid—() y, x| | x,@

sigmoid \Q Y X X0 X,(2)

(1) (2)
sigmoid—( ) vs %3 %3

ys 1y
Yo y,M | y,®
ys) | ys®

28



One vs All Algorithm: higher score = class recognized

Modern Neural Network

Xz/\ 2’32@ Xz/ 2@2@ %, 238@
XN XN X
AN AN AN
O A O A O A
oOo AN oOo AN oOo AN
. N / X

29
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O O

Modern Neural Network

ZO RelLU ZQ

RelLU
2

~ Y 2 () | ReLU O :g)t
2

RelU /Z Q RelLU - Q

Softmax transforms values into probabilities
o(z),=e%/ 2 e?
Generalization of sigmoid

Associated cost function is cross entropy

30



Linear vs Non Linear Decision Boundary

 Linear XX
O O e
o O 0O .

7

X4

X2 N X2 N
3 O &3
 Non Li
on Linear O
O &3 &3 &3
XOR x X
 Argument (XOR) used by [Minsky & Papert 1969] to criticize Perceptrons

[Rosenblatt 1957] (and advocate Symbolic Artificial Intelligence)

This stopped research on Perceptrons/Neural Networks for a long while

— until Hidden Layers and Backpropagation or/and Kernel Trick (see later) 2



Linear vs Non Linear Decision Boundary

 Linear XX
O O e
o O 0O

N
7~

X N

O
e Non Linear h \
X

XOR

L,

 Argument (XOR) used by [Minsky & Papert 1969] to criticize Perceptrons
[Rosenblatt 1957] (and advocate Symbolic Artificial Intelligence)

This stopped research on Perceptrons/Neural Networks for a long while
— until Hidden Layers and Backpropagation or/and Kernel Trick (see later)

N
7

X4
X4

X4

32



Linear vs Non Linear Decision Boundary

A consequence of Cover’s Theorem [Cover, 1966]

— The probability that P samples (examples) of dimension N (number of parameters) are
— linearly separable goes to zero very quickly as P grows larger than N

N

Linear separability

\
01 p<aN P=N P>N

N
7

[LeCun 2016]

33



Example (TensorFlow PlayGround)

Iterations Learning rate Activation Regularization Regularization rate Problem type
O M 000 s 252 0.1 v Tanh v L1 v 0.001 v Classification M
DATA INPUT + — 3 HIDDEN LAYERS OUTPUT
Which dataset do Which properties do Test loss 0.061
you want to use? you want to feed in? S B (S @ Training loss 0.001
8 neurons 6 neurons 3 neurons

E—

Ratio of training to
test data: 30%

x12 » \ - ] N, U S rd 4
Noise: 5 2
P %

Batch size: 10
. X%

REGENERATE sin(X,)

Colors shows
data, neuronand | i \

weight values.

The outputs are
mixed with varying

weights, shown ) )

by the Buckness Show test data Discretize output

of the lines

b

This is the output

from one neuron
Hover to see it

larger.

34



Ist Approach: Polynomial Logistic Regression

2 sigmoid\Q Vi

2. —{sigmoid—(") v,
> sigmoid——@ Vs

Vertical Expansion

Input Parameters

000 OO

35



Ist Approach: Polynomial Logistic Regression

|dea:

— Increase the number of Dimensions
— By adding Polynomial Inputs

»  Quadratic: x,2, x,°...

» Dot products: x4X,, X4Xs...

»  Cubic: x;3, x,3...
Sinus: sin(x,), sin(xy)...

5

»

In order to find (explore) a higher Dimension Space in which could be
found a Linear Decision Boundary

Problems:

— Select the Additional Inputs

— Add them in a combinatorial way

— The Number of Inputs could become Very Large
— Computation and Data becomes more Heavy




Example: x1x2

* Initial Representation X1 X Xo
* New Representation X4 Xy
FEATURES + — 0 HIDDEN LAYERS

Which properties '
do you want to
feed in?

OUTPUT

Test loss 0.002
Training loss 0.002

i

sin(X,)

sin(X,)

Colors shows
data, neuron and J1 ' ('J 1‘

weight values.

[J Show test data

[[] Discretize output

37



2nd Approach: Hidden Layers

6(1) » Q 6(2)
2 | sigmoid
2 Hsigmoid sigmoid \Q 2
2 {sigmoid sigmoid —(") ,
5 | sigmoid sigmoid —( ) ¥s
2 Hsigmoid
P Horizontal Expansion ’
o1 Hierarchical
~1 | OR P
A1) \ —
inearly Separable W
AND | =1 = | XOR
A1 1 A X
1L / // Non Linearly Separable
721 NOTAND
o Linearly Separable

38



2nd Approach: Hidden Layers

sigmoid

sigmoid

sigmoid

sigmoid

M| M MMM

sigmoid

+1

sigmoid

sigmoid

sigmoid

sigmoid

Horizontal Expansion

Hierarchical

V

sigmoid

sigmoid

sigmoid

39



Example (TensorFlow PlayGround)

Iterations Learning rate Activation Regularization Regularization rate Problem type
O H 000.252 0.1 v Tanh v L1 v 0.001 - Classification v
DATA INPUT + — 3 HIDDEN LAYERS OUTPUT
Which dataset do Which properties do Test loss 0.061
you want to use? you want to feed in? g & o & i & Training loss 0.001
8 neurons 6 neurons 3 neurons

Ratio of training to
test data: 30%

— X2
Noise: 5 Xz?
.

Batch size: 10

Py X

REGENERATE sin(X,)

Colors shows

data, neuron and ! ol i i
sin(X,) s o 0 1
The oulputs are weight values.
mixed with varying
weights, shown . )
b e Wk rmes Show test data Discretize output

of the lines

This is the output

from one neuron
Hover to see it

larger.

40



Backpropagation

Issue:

How to compute Gradients (partial derivatives respective to each 8%, ; (weight)) ?
Now that there are several hidden layers...

Backpropagation (backward propagation of errors) algorithm [Rumelhart et al. 1986,
initial ideas since 1960] estimates the gradients for each weight 6(")” (in each layer k

through a chain rule approach:

— Feedforward the network to compute the output

— Compute output layer units errors (deltas between predicted and actual values)
— Propagate backward the errors (deltas) to each unit of previous layer

— And then compute (accumulate) the gradients (relative to each weight)

<:I Backpropagation of Errors

Input Neurons Hidden Neurons Output Neurons

Feedforward of Information |::> 41



2nd Approach: Hidden Layers — Limits

1 +1
o 0.0
6,4 2 {sigmoid  [sigmoid
1
X,  [siamoid
2 [{sigmoi — sigmoid
X2 2 Hsigmoid
— sigmoid
Xs 2 L{sigmoid
1 sigmoid
2 Hsigmoid

« Non Convex Optimization

— Importance/Difficulty of Initialization of Weights (8("); )

— Local Minimum

« Gradient Vanishing [Hochreiter 1991]

3
6% 0

—

sigmoid

sigmoid

sigmoid

— Backpropagation algorithm (chain rule based) to propagate gradients (from output errors)

— Thinner Estimation (Increasing errors) of gradients while traversing layers

42



3rd Approach: Kernel (Trick)

Increase the number of Dimensions

By a Transformation of Input Parameters into a Linearly Separable Higher
Dimension Feature Space

A Change of Representation
This Transformation Function K is Named a Kernel Function

A Kernel function K(x("), x@) represents the Similarity between two
examples (x(') and x(?))

Example of Kernel: Gaussian Kernel

— also named Radial Basis Function (RBF) Kernel
—  K(x0, 10) = similarity(x®, 10) = exp(- ||x® = 10)]|2/202)

— Other Kernels:

»—Linear(Without) Kernel,-Polynomial Kernel,-Sigmoid-Kernel..-
» Homemade Kernel (must satisfy Mercer property [Mercer 1909])

43



Kernel = Samples-Centered Feature Transformation

« Let’s consider all (m = 3) examples x{) as Landmarks 1%

A
Xy

« Features are defined as following:
- fi(x) = K(x, 1) = exp(- |[x — 19][>/20?)

- f,(x) = K(x, 1)

- fm(X) = K(X! I(m))

Xy

/

7

X4

———
7 N

~ e
______




Kernel Trick — Input Space x Feature Space

Input Space Feature Space

45



Kernel Trick

« Computing the Kernel is much easier (and more efficient) when it can be
expressed as an inner product (in the feature space) of a kernel function f

. KX, x@) = f(x(M).f(x@)

o ExK(X,y) = (<Xq, Xo> . <Yy, ¥,>)?
= (Xqy1 * XoYp)?
= X12Y42 + 2X4Y4X0Y5 + X7y,
= <X,2, V2 X{Xp, X,2> . <Y{2, N2 Y.Y,, V,2>
= f(x) . f(y)

with f(x) = <x,2, V2 X;Xp, X,2>

Mercer’s Theorem: Characterization of a function as a kernel function

46



Kernel Trick

Another example: Kernel transformation given by ¢((a, b)) =(a,b,a +b)

47



Kernel Trick

Another example: Kernel transformation given by ¢((a, b)) =(a,b,a +b)

48



Kernel Trick

The initial n dimension space (number of parameters) is tranformed into

a m (number of Training examples) dimension space of features (new
parameters), linearly separable

This new space is independent from the number of parameters (17) and so
depending on the number of training examples (m)

+1 (8, Note:

_|sigmoid O V. There are 2 phases:

- Configuration of the
—sigmoid O Y Kernel component with
: : Training examples —
~|sigmoid O Ys landmarks, I(V), ... I(M) are
set and stored into the

Kernel component

- Application of the Kernel
component as a
dimension transformation
on examples (X -> F)

K(x, 1) = £ _

Kernel 49



Support Vector Machine

The same Kernel Trick is used by Support Vector Machines
Support Vector Machine [Boser et al. 1992] [Vapnik 1995]
= Kernel [Mercer 1909] + Linear Support Vector Machine [Vapnik & Lerner 1963]

A Linear Support Vector Machine is good at maximizing the Separation Margin

50



Support Vector Machine

From 2000’s, SVMs outperformed Neural Networks and led to the decrease of
research in Neural Networks

Until the 2010’s, when they returned through the idea of Deep
Networks/Learning

91



Reterencias

1. Capitulo 5 do livro “Deep Learning Techniques for Music Generation”
de Jean-Pierre Briot, Gaétan Hadjeres e Francgois-David Pachet.

2. Capitulo 13 (Secdes 13.1, 13.2 e 13.3) do livro “Mining of Massive
Datasets” de Jure Leskovec, Anand Rajaraman e Jeffrey David Uliman.



